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Abstract 
We derive an explicit formula for the T-invariant of hyperbolic 3-manifolds obtained by 
Dehn surgeries on some one-cusped hyperbolic 3-manifolds (e.g., hyperbolic knot comple- 
ments in S3>. 
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1. Introduction 
Let M be an oriented complete hyperbolic 3-manifold of finite volume with one 
cusp. Denote by M(p, q) the result of a hyperbolic (p, q)-Dehn surgery on M 
with respect to a fixed meridian-longitude pair at the cusp. In [61, Yoshida 
obtained a formula for the T-invariant of M(p, q) in terms of an analytic Dehn 
surgery parameter and some extra terms associated with various frame fields. But 
the arbitrary choices of the frame fields involved make it hardly computable in 
practice. For M equal to the figure-eight complement in S3, Yoshida came out 
with a simple and explicit formula without involving the extra structure. Recently, 
Meyerhoff and Neumann in [2] derived a formula of this simple type for suffi- 
ciently large p2 + q2. The purpose of this paper is to prove that such a formula 
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holds throughout hyperbolic Dehn surgery space for some one-cusped hyperbolic 
3-manifolds. Our main result reads as follows: 
Theorem 1. Let M be an oriented complete hyperbolic 3-manifold of finite volume 
with one cusp. Suppose that the oriented basis (1, m) can be chosen at the fficusp so 
that 1 is a “longitude”, i.e., it represents 0 in H,(M, Z). Then for all hyperbolic Dehn 
surgeries, 
~(M(P, q)) = fIm(f(u(p, 4))) - &I,( v( p, 9)) + 4s(q, P) - $ 
where f(u) is, up to a constant, the complex analytic function that appeared in [2,61. 
Complex number v(p, q) is the logarithm of the holonomy of 1 which varies 
analytically with the parameter u. Both f(u) and v(p, q) can be explicitly computed 
from an ideal tetrahedral decomposition of M as in [3]. The Dedekind sum s(q, p) is 
defined by 
[LPiYcot( F) ..,(F) 
s(q, P) = 4P,=, 
ifp > 0, 
I( s -9, -P) ifp <O. 
Remark. The homological restriction in the theorem holds, for example, if M is a 
knot complement in a homology sphere. 
As an interesting application, we show that different surgeries on a hyperbolic 
knot never yield the same manifold if the surgery coefficients are sufficiently large. 
We review some basic concepts and Yoshida’s formula for v(M(p, q)) in 
Section 2. Our main result is proven following several emmas in Section 3. Finally, 
in Section 4, we combine Neumann’s simplicial formula for f(u) with the main 
theorem to give a simplicial expression of v(M(p, q)) analogous to Yoshida’s in 
the special case of figure-eight knot complement. 
Note added. By using a completely different method, the author has recently 
proved that a similar formula holds for several cases in the most general situation. 
The proof is in the preprint “A simplicial formula for the T-invariant of hyperbolic 
3-manifolds”. 
2. Preliminaries 
Let L be a link in a compact oriented Riemannian 3-manifold M. An orthonor- 
ma1 framing ST= (e,, e2, e3) on M - L is said to have a special singularity at L if 
(a) vector e, is tangent to L in the limit, 
(b) vectors e2, e3 determine an index k 1 singularity in a small disk transverse to 
L. 
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Let 9’ = (e;, e;, e!J be an orthonormal framing defined on M such that e’, is 
tangent to L and equal to e, near L. The difference between F and 57 defines a 
map from E(L), the link exterior of L in M, to GL~(R). Since 9 and FsT’ differ 
by an element of GL;(R) near L, we obtain an induced map 
d, :H@(L), a&E(L)); Z) +f&(GL:(QGL:(R); Z) 
=H3(GL;(R); Z). 
Let [M] E H&F(L), &E(L)); (2) and [GL~(R)I E H,(GL~(R); Z> be the funda- 
mental classes with GL~(R) canonically oriented. Then we have 
d,([Ml) =d(F, y’)[GG(R)] 
for some d(F, F’) E Z. We call d(F, F’) the difference degree between F and 
9’. Denote by F(M) the oriented SU(3) framing bundle. Let CO,,) and (n,j) be the 
connection form and curvature form of the Riemannian connection on F(M) 
respectively. Then the Chem-Simons form on F(M) with respect to the Rieman- 
nian metric on A4 is defined by 
Q=$V 12 A 4, A e,, + e,, A 4, + 4, A 4, + e23 * k). 
The torsion of L with respect to the framing 9’ is defined by 
where s’ : L + F(M) is the section defined by F’ and the orientation of L is given 
by e;. Let 3 = (e;, Z;, Zj) be an orthonormal framing defined in a neighborhood 
of some component K of L such that for every point x E K, 
1 
’ (Z;, ifi, 5;) = (e;, e;, e;) cos E(X) -sin E(X) 
sin E(X) cos E(X) I 
where E : K -+ R/27rZ is a smooth map with degree d(e). Then as in [61 
T(K, i?=‘) =T(K, 9’) +2~d(~). (2.1) 
Finally, let 6(M, Y) be the Hirzebruch invariant of the framing manifold (M, F’) 
defined by 
6( M, 9’) = +p,( N) - Sign(N) 
where N is a compact 4-manifold bounded by M and p,[Nl is the relative 
Pontrjagin number of N with respect to the framing 9’. Then by [6], 
77(M) = ‘/ 3 scM_LjQ - -$(L, F’) + f d(F, F’> + a(M, 9’). (2.2) 
Let M be an oriented complete finite volume hyperbolic 3-manifold with one 
cusp. Suppose M has an ideal triangulation M = A(zy) u . . . U A(zz> where each 
A(z,? is an ideal tetrahedron described by a complex parameter zp after choosing 
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an edge for each A(zp). Thurston’s deformation space D of hyperbolic structures 
on M can be described by a variety of u = (z,, . . . , z,J E @” in a neighborhood of 
u” = (zO 1,. . . , 2,“) satisfying the “consistency relations” (see [41 and [51, for example). 
Fix a pair of simple closed curves (1, m) on the cusp torus so that ([I], [ml) 
forms an oriented basis for the first homology of the cusp torus. For each u ED, 
let pU : T,(M, x0) + PSL,(C) be a holonomy representation. If p,(l) and p,(m) 
are not parabolic, they have two common fixed points in @ U 03 which can be put at 
0 and m after a conjugation. Thus, as Mobius transformations in @ u {co}, 
p,(m)2 =a2 
and 
for some a, b E C *. Let u = log a and u = log b. If p,(l) and p,(m) are parabolic, 
we set u = u = 0. Then by [4,5], the deformation space of hyperbolic structures on 
M has complex dimension 1 and can be holomorphically parameterized by u E @ 
in a neighborhood of u’. For such a U, there exists a unique pair of (p, q) E R2 u 
(4 such that pu + qu = 2ni. If (p, q) is a pair of coprime integers, then we can 
adjoin a closed geodesic y(p, q) to the end of the cusp to obtain a complete 
hyperbolic manifold. Topologically, it is M(p, q), the result of (p, q)-Dehn 
surgery. Denote by u(p, q) the analytic parameter corresponding to the hyperbolic 
( p, q)-surgery. 
We want to apply formula (2.2) to M(p, q). In general, M(p, q) - y(p, q) does 
not admit an orthonormal framing having a special singularity at y(p, q) as 
needed. But after adding an extra loop w to y(p, q), we can construct a required 
framing (Y, = ((~i, (Y*, as> on M(p, q) - (y(p, q) Up) having a special singularity 
at L = y(p, q) up. Choose an orthonormal framing p(p, q) = (PI, &, p3) on 
M(p, q) such that p1 is tangent to L and pi = (pi near L. Let K = (K~, K~, K~) be 
an orthonormal framing defined in a neighborhood of I_L in M such that K~ is 
tangent to CL and has the same direction as ~yr near p. Orthonormalize K with 
respect to the hyperbolic metric on M(p, q) and denote the resulting orthonormal 
framing by K,. Then Yoshida in [6] derived the following formula from (2.2), 
rl(M(p, q)) = iImf(u(P, 4)) - &T(Y(Py q)p P(P, 4)) 
+ g-f@,, P(P, 4))+qqP, 417 P(P, 4)) 
+ &(+Y Ku) -T(P, P(PY 4))) (2.3) 
where f(u) is an analytic function in a neighborhood of u” depending on the 
choices of (Ye, K, and the extra loop Jo added with 
Re f( u( p, q)) = $Vol( M( P, 4)) + &~Wth(Y(p~ q)) 
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and 
Im f(u(p, 4)) = ~CS(M(P, 4)) + &Torsion(v(p, 4)) (mod z). 
3. Proof of the main theorem 
Our approach here is a generalization of Yoshida’s proof for the case of the 
figure-eight knot complement. It consists of the following lemmas. 
Lemma 1. Let M be an oriented 3-manifold with total boundary such that there exists 
a simple closed curve 1 on aM with [ll = 0 E H,(M; 2’). Then there is a degree-l map 
fi M + 0’ X S’ which is a diffeomolphism in a neighborhood of aM. 
Proof. Consider the following commutative diagram 
H’CM; 22’) 
i * 
- H’(aM; Z) - H*(M, aM; 22’) 
1 
D 
I 
D 
i 
D 
H,(M, ahf;h) - H,@M; Z) - H,(M; Z) 
where the upper (respectively lower) row is the cohomology (respectively homol- 
ogy) exact sequence of the pair (M, M4), D is the PoincarC duality isomorphism. 
1 ’ * and i, are induced by the inclusion i : &I4 9 M. Since (11 E ker(i .+ >, by exact- 
ness, there exists L E H’CM; Z) such that i *CL) = D-‘([ll). Since 1 is simple closed 
in &Vf= T*, [l] is primitive in H&M; m). Thus D-‘([ll) E H1(T2; Z) = [T’, S1l is 
represented by a primitive map g : T* + S’. Hence L E H’(M; Z) = [M, S’l is 
represented by a primitive map f’ : M + S’ with f’ 0 i = g. We may introduce 
coordinates in T* so that g is projection onto one factor. Define 
f:M=Mu,(T’xZ) -,S’u,(T*xZ) =D2xS1 
byflM=f’ and f-1 (T~xr) = Id. Then f is a desired map. q 
Lemma 2. fzk covered by a bundle map Tf: TM + T(D* X S’) such that Tf= dfin a 
neighborhood of aM. 
Proof. Let S, = {(z,, 0) 11 z1 1 = 1) c S3. Identify D* X S’ with the exterior of S, in 
S3. Choose a simple closed curve Tii on aM so that (1, E> forms a longitude-meridian 
pair in aM = T2 and (fll> = l’, f&t) = m’) forms the standard longitude-meridian 
pair of the trivial knot S, in S3. By performing (1, O)-Dehn surgery on both M and 
D* x S’, we obtain a map 
f’:M’= (D’xS~)~ uM+ (D*xP)~ u (D2xS1) =S3. 
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Denote by y the core circle of the filled-in solid torus. Let F be a surface in M’ 
such that aF = y. Then, up to a homotopy, we have CD2 X S1), C F X Z GM’. Since 
y c S3 bounds a surface of arbitrary genus in S3, we have also y = 3F and 
(D2 x S’), c F x Z in S3 up to a homotopy. From the long exact sequence 
a** -&(F; k2) +H’(aF; Z,) +H2(F, 3F; ;2,) -tH2(F; 22,) + **. 
we see that i * : H’(F; 27,) + H’(tlF; Z,) is a zero map. Denote by Triv(ZX) the 
set of all trivializations of the tangent bundle of a 3-manifold X. Then the 
following commutative diagram 
7’riu(T(F XI)) 3 Triu(T(D2 X S’),) 
[F x I, SO(2.311 i’ [CD2 x Si), , SOC2.3)1 
I = = 
H’(F x I; h2) i’ ZZ’((D2 x S$; Z,) 
I 
= 
1 
= 
HIV; Z,> 
i * 
- fP(aF; z,> 
implies that the restriction 
res.:Triu(T(FXZ)) -+ Triu( T( Z12 X S’)l) 
is a constant map. That is, any trivialization of T(F X Z> restricts to the same 
trivialization of T(D2 x S’),. It follows that any trivializations of TM’ and TS3 
restrict to the same trivialization of T(D2 X S’),. 
Since f’ ) (DzxSl)l = Id, we have 
df’(Triu(TM’ IcDzxS~jl)) = Triv(TS3 I (D~~sQ,). 
Thus, df’ 1 lD~xs~ll extends to a bundle map Tf’ : TM’ + T(S3>. Hence, f: M + D2 
x S’ is covered by a bundle map Tf: TM -+ T(D2 x S’) with Tf-= df- near the 
boundary. 0 
In what follows, we denote M(p, 4) the result of (p, q)-Dehn surgery on M 
with respect to the longitude-meridian pair (Z, E) on aM. Note that the orientation 
convention we follow here is opposite to that of [4,51 as well as 161. Thus, 
(p, q&surgery in those discussion would be (p, -q&surgery in our convention, 
affecting signs in some formulae. 
Denote by S, = ((0, z,)[ I z2 1 = 1) c S3. Let T: S3 + L(p, -4) be the projec- 
tion map. Denote by 3, = r(S,) and 3, = .rr(S2). Let S; = {Cl/&, z2/fi>1i z2 1 
= 1) rS3. Write S3 = (02x S’), u (D2 x S’), such that S, is identified with 
0 x S’ in (02 x S’),, S, is identified with 0 X S’ in CD2 X S’), and S; c CO2 X S’),. 
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Lemma 3. There exists a degree-l map f : M(p, q) -+ L(p, -4) such that a neigh- 
borhood of 3, and x2 is the diffeomorphic image of a neighborhood of y(p, q) and 
p where p is a closed curve in m(p, q>. 
Proof. By Lemma 1, there exists f: M -+ (D2 x S1), such that f-maps a neighbor- 
hood of aM diffeomorphically onto (D2 X S1), - (II2 X sl>; where CD2 X s’)‘, is a 
small solid torus in (D2 x S’), with core circle S; and S, C CD2 X S’), - CD2 X S’>;. 
We have 
f:@p, q) =(02~S1)1u~Mj(02XS1)1U(jlaM)0~(02XS1)2 
defined by fI~=f and !I (D~xs~), = Id, where 4 : a(D2 X S1), --) aM and 
<fl a~)0 4 : XD2 x S’), + a(D2 x S1), are such that +(aD2 X 1) =pZ +ql and 
(fJaM)o~(a02X1)=pm’+ql’. 
Choose two integers s and r such that ps + qr = 1 and 0 f r < I P I. 
Let I)~, 1c12 be the embeddings II2 X S’ -+ L(p, -4) defined by 
h(z17 22) = 
I 
-_q/P 
&(Zl, 22) = z1z2 
{jqTTyi$z 1 
where zl,zZ E C are such that 0 < I z1 I f 1 and I z2 I = 1. 
Then we obtain a diffeomorphism 
~=~~u~2:(02xst)~u9~~,~,(~2~~1)2-,~(P, -4) 
such that @(CO x S’>,> = g,, @(CO X S’),) = s2 and lcr;’ o $t(zl, z2) = 
(z;+pz;, zpz;‘> for (z,, 2,) E ND2 X S’),. 
Choose 4 such that (f’l aM)o 4 is isotopic to $2’ 0 +I and identify (D2 X 
a I !_h&#J1 
(II* x S’), with CD2 x S’), u +i~.+1(D2 x S’),. Then f = 
rc, o f: M(p, q) + L(p, -4) is a desired map. 0 
The following is an immediate consequence of Lemmas 2 and 3. 
Lemma 4. f is covered by a bundle map Tf: T(a(p, 4)) + RL(P, -4)). 
As shown in [6], there exists an orthonormal framing cr’(p, q) on L(p, -4) - 
(5, U s,> having a special singularity at 3, U 3, and s * Q = 0 where Q is the 
Chern-Simons form defined on F(L(p, -q)) and s: L(p, -4) - (3, u s,> + 
F(L(p, -4) - 6, Us,>> is the section defined by cz’(p, q). Also, there exists an 
orthonormal framing p’(p, q) on L(p, -q) such that 
p’( p, q) = ((iz,, 0), (0, z;~+~~), (0, iz;‘+“P)) at each [ zl, 0] E 3, 
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and 
p’(p, 4) = (0, (iz*), (z;~+~~, 0), (iziq+5p, 0)) at each [O, ~~1 E 3, 
whereOgr< IpJ, h=(l+(-1)‘)/2and &=(l+(-1)‘)/2. 
By applying formula (2.1) above, Yoshida in [61 obtained 
7+5(P, -4)) = &‘(P, 917 P’(P, 4)) + qL(P, -4)7 p’(P, 4)) 
(3.1) 
On the other hand, as computed by Atiyah, Patodi and Singer in [l], 
77( L(P, -4)) = 4s(q7 P>. 
Thus, by equating (3.1) and (3.21, we get 
(3.2) 
1 4 
= --(-+‘-A-5 +4s(q,p). 
3P P i 
(3.3) 
Denote by &(p, q) and &p, q) the pull-backs of the framings (~‘(p, q) and 
p’(p, q) by the bundle map Tf respectively. Orthonormalizing them with respect 
to the hyperbolic metric on a(p, q), we obtain orthonormal framings a(p, q) and 
p(p, q). By the construction of Tf, cr(p, q) has a special singularity at L = y(p, q> 
“P. 
Lemma 5. 
t+(P, 4), P(P, 4)) ==+qP> 417 P’(P7 4)). 
Proof. Let d’ : L(p, -4) + GLl(R) be the difference map of cx’(p, q> and 
p’(p, q). Then d’= d’ 0 f is that of &(p, q) and &p, q). Since f is of degree 1, it 
follows that 
d@(P, q), P(P, 9)) =+(P, cl>, P(P> 4)) 
=d(a’(p, 41, P’(P, 4)). 0 
Lemma 6. 
6(M(P, q), P(PP, 4)) =qL(PY -419 P’(P? 4)) +C(W 
where C(M) is a constant depending only on M. 
Proof. Let 
N,=M(p,q)XI=(Mu(D*XS~)JXz 
and 
&=L(p, -q)xI=((02xs1)~u(02xs’)1)xz. 
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Denote by N the result of pasting N, to N2 along the copy of (0’ x S’), X (0). 
Then there is a natural framing F on N such that 
FIMQ,~)=P(P, 9) @1 and ~ILQ.~)=P’(P, 4) @I. 
Furthermore, p’(p,, q) restricts to a framing on (D* X S’), having the form 
LY’(I), q) = ((0, iz,), (z;~+*~, 0), (iz;q+sp, 0)) on 3,. 
Since 
[o* x s’, S0(3)] = H’( o* x s’, ?Tr( SO(3))) = Z,, 
up to homotopy, there are only two framings on D* X S’ determined by their 
restrictions on 0 x S1 in the form of ((0, i z), (z k, O), (izk, 0)). Since such homo- 
topy classes depend on the parity of k and -q + (p is always odd, we have a fixed 
framing on (D* X S’), up to homotopy. Hence, the restriction of 9 on (--Ml U 
CD* X S’), is independent of (p, q> up to homotopy. Without loss of generality, 
we may assume that it is independent of (p, q). Homotope 9 in a collar of 
(-M) u (D* X S’), (independent of (p, q)) such that 
3 1 (-M)u(D~XS~)~ = v(( -M) u (D* x S1)*) ~3 1 
where v((-M) U CD* X S’),) is a framing on (--M) U (D* X S1), which is inde- 
pendent of (p, q). It follows that 
a(( -M) u (D* x 9)2, 9 1 (-M)v(D~xS’)~) = C(M). 
Denote by 
Ka=Ker(i, :H,(T*; R) -+H,((D2XS’)1; R)), 
K, = Ker( i * : H,( T*; R) + H,( (D* x S’),; R)) 
and 
K,= Ker(i, : H,(T*; R) +H1(M; R)). 
Since K, = R(pm + 41) and K, = K, = R(l), we have 
&r* (K1 +K*) 
(K,nK,)+(K,nK,) =“‘* 
Thus, Wall’s nonadditivity formula (see [7l) implies that 
Sign(N) = Sign( N,) + Sign( N2) - 0 = 0. 
It follows that 
qM(P, 9)> P(P7 4)) +q-Jqp, -4), P’(P7 4)) 
+a(( -M) u (D* X s1)2, P- 1 (-M)“(D2~S’)2) 
=fi(aN,F)=tp,(N)-Sign(N)=O. 
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Thus, we have 
qJ(p, 4)Y P(P, 4)) =qJq, -4), P’(P> 4)) + C(M). 0 
Let 
J:M(p,q)=(02XS~)1U~M-,(02XS1)1U(f,aM)O~(02XS1)2 
be as in Lemma 3. Then f maps a solid torus I/CM containing p diffeomorphi- 
tally onto a solid torus in (D2 X S’), such that f(p) = 0 X S1 L (D2 X S’),. Let 
(x, y, t) be the coordinate of O2 x S1 defined by zl =x + iy, z2 = eif with x, 
y E IR, x2 + y2 G 1 and 0 G t G HIT. Let K = (a/CM, a/ax, a/ay) be the standard 
framing on (D2 x S’),. Pulling back K by d(f 1 v>, we obtain a framing t? on I/. 
Denote by K, the orthonormalization of E with respect to the hyperbolic metric on 
xRP> 4). 
Lemma 7. 
r(cL, p( P, 9)) = r(/-‘~, Ku) + 27r5. 
Proof. Let J12 :(II2 X S’), -+ Up, -4) be as in Lemma 3. Then we have 
d@,(K) = Tf(G) on e2(0 X S’) = 3,. 
A simple calculation yields that 
d+,(K) = ((0, iei”P), (epiqr”, o), (ie-iq”P, 0)) On 32. 
Since 
(34 
p’(p, q) = ((0, ie”/P), (ei(-q+tp)l/P, 0), (iei(-q+cp)t/p, 0)) on s,, 
we have 
1 
P’(P, 4) = d+,(K) cos t(t) -sin s(t) on 3,. 
sin s(t) cos 6(t) I 
Therefore, 
i 
1 
p’(P? 4) =K’ cos s(t) -sin t(t) on p. 
sin s(t) cos ‘E(t) 
Thus, 
P(P, 4) = K, 
1 
1 
cos 5’(r) -sin c’(t) on p 
sin t’(t) cos 6’(t) I 
for some 5’ : p + Iw/2~rZ with d(c’) = 5. It follows from (2.1) that 
r(/4 p(P, S)) =r(lL, KU) +25’r5. Cl 
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Lemma 8. 
7(y(p, q), P(P, 4)) = 2T * - ; 
i i 
+ ;w+ (3.5) 
Proof. In the representation of ii?(p, q) = (II2 x S’), u +M, y(p, q> = 0 x S' L 
(D2 X S'),. Let K be the standard framing on (D2 X S')l and K, the orthonormal- 
ization of it with respect to the hyperbolic metric on M(p, q). Since 
we have 
+(P,q),KU)= --r 1 m(u) +s Im(u). 
AlSO, 
pIm(u)+qIm(v)=2rr and ps+rq=l. 
Thus (3.6) implies that 
27rr 1 
7(Y(P, 4), Ku>= -- 
P +pIrn(+ 
(3.6) 
Let (bl : (II2 x Sl), + up, -9) be the embedding as in Lemma 3. Then, 
Tf(K) = d&(K) on ILl(O XS') =S,. 
A simple calculation yields that 
dt+bl(K) = ((ie”‘“, o), (0, e-irr’p), (0, ieeir*“)) on x1. 
Since 
p’(p, q) = ((iei’lP, 0), (0, ei(-q+Ap)f/p, 0), (0, iei(-r+Ap)t/p)) on S,, 
we have 
1 
P'(P, 4) =@,(K) cos /i(t) -sin A(t) on S,. 
sin h(t) cos h(t) 
Therefore, 
1 
6(P, 4)=K cos A(f) -sin A(f) on Y(P,~). 
sin A(f) cos A(f) 
(3.7) 
Thus, 
1 
p(P, 4)=K, cos A'(t) -sin A’(f) on 7%~~ 4) 
sin A’(f) cos A’(f) 
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for some X : y(p, q) --f R/2vZ with d(A’) = A. Thus (2.1) and (3.7) imply that 
T(Y(P, q), P(P, 4)) =+‘(P, q), KU) +2rA 
=27~ A-$ +ilm(a). 0 
i 1 
Proof of Theorem 1. From (3.3), Lemmas 4 and 5, we have 
;d(a,, P(PY 4)) + @VP, q), P(PY 4)) 
= ;d(ol;, P’(p, 9)) +6(@PY S>? P’(p9 4)) +C(M) 
(3.8) 
Substituting (3.4), (3.5) and (3.8) to (2.3), we obtain 
= :Irn f(u) + C(M) - &h(u) + 4s(q, P) - +j 
where constant C(M) can be absorbed into the analytic function f(u). 
Now, let (1, m) be an arbitrary oriented basis for the cusp torus such that 
[1] = 0 E H,(M; 12). Then we have m = E + kl for some k E H. Since pm + ql = 
pGi + kl) + ql =pZi + (pk + q)Z, we have M(p, q) = HCp, pk + q) where Mp, q) 
is the result of (p, q)-Dehn surgery with respect to basis (I, m). Thus, 
~(M(P, q)) = T(@P, pk + q>) 
= ffm f(u) - 
pk+q 
&fm(~)+4s(pk+q,p)-~ 
3P 
= ;Irn f(u) - -&fm(U) + 4s(q, p) - $ - 5. 
Again, constant -k/3 can be absorbed into f(u). The theorem follows. q 
Remark. For p2 + q2 sufficiently large, our formula of v(M(p, q)) coincides with 
the one obtained by Meyerhoff and Neumann in [2]. 
Corollary. Let A4 be as in Theorem 1. Then M(p, q) # M(p, q’) if q # q’ and 
p2 + q2, p2 + (q’)2 are sufficiently large. 
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Proof. As computed in [3], for p2 + q* + m, 
and 
27ri 1 
U=Cl- 
A +O IAJ ( ) 
where C is a complex constant, A =p + clq with c1 the first coefficient in the 
series 
cc 
v = c C$. 
n=l 
It follows that 
Im(v)=2T Re(?)+O($-j). 
Thus, we get 
;Im f(u(p, 4)) - &Im v(p, 4) 
- 
( 
;Im f(u(p, 4’)) - &I, v(p, q’) 
G ;Irn f(u(p, 4)) - ;I, f(u(p, 4’)) 
1 
- 
< 3lPl 
for both p2 + q2 and p2 + ( q’)2 sufficiently large. 
Ifq=q’(modp)andq#q’,thenq=q’+kpforsomeO#kkEand 
s(q, P) =s(q’, P), 1;-%1=1$1= ,k, 21; 
If q f q’ (mod p), then as shown in [2], 
12s(q, p) - f - 5 = - cdef(p; q, 1) - : - i = -Z(p, q) E Z 
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where rq = 1 (mod p) and 0 G -r/p < 1 (see 121). It follows that 
12s(q, p) - ; - 12s(q’, p) - ; = I, 
i 1 
r - r’ 
(mod Z) with rfr’. 
Thus we have 
12s(q, p) - ; - 12s(q’, p) - ; 
i 11 
g-l-- forq#q’. 
IPI 
Hence, for both p2 + q2 and p2 + (q’j2 sufficiently large, 
I77(M(P, 4)) - 17(M(PY 4’)) I 
= JjIm f(u(~, 4)) - &Im U(P, 4) + 44q, P> - $ 
-(:I, f(u(p, d)) - &Im U(P, 4’) + 4s(q’, PI - 6 
ii 
2 4s(q, P) - ; - 
( 
4s(q’, P> - g 
iI 
- ;Im f(u(p, 4)) - &Im u(P, S) 
- flm f(u(p, 4’)) - 
i 
&I, u( P, s’> 
)I 
1 1 
---=O* 
> 3lPl 3lPl 
It follows from Mostow’s rigidity theorem that M(p, q) z M(p, 4’). q 
If A4 is the complement of a hyperbolic knot in S3, then M(p, q) = M(p’, q’) 
implies that p =p’ for the homological reason. Thus two different surgeries on a 
hyperbolic knot never yield the same manifold if the surgery coefficients are 
sufficiently large. 
Remark. The above corollary can also be seen from a formula for the volume of 
M(p, q) given by Neumann and Zagier in [4]. 
4. A simplicial formula for q(M(p, q)) 
Let M be an oriented complete finite volume hyperbolic 3-manifold with one 
cusp. Suppose M has an ideal triangulation M = A(zf> U . . * U A(z,O> where each 
A(zp) is an ideal tetrahedron described by a complex parameter zp after choosing 
an edge for each A(z,!). 
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Denote 
z”= (log zp,..., log 22, log(l-21”) ,..., log(l-2;)). 
Then z” is determined by the consistency and cusp relations in the form 
z”U = rid 
where U is an integer 2n x (n + 2)-matrix and d = Cd,, . . . , dn+2) is some integer 
vector (refer to [3], for example). Let c = Cc;, . . . , CL, c;, . _. , cE> be a solution to the 
equation 
cU=d. 
Denote by M’ the result of a hyperbolic Dehn surgery on M obtained by 
deforming the parameter u” = (zp,. . . , 2,“) to u = (zt,. . . , z,>. Let y be the added 
geodesic to the cusp. Then as computed in [31, 
Re(f(4pY 4))) 
= -$Vol(M’) + &Length(y) 
R(zj) - T($ log(1 -zj) -q log zj) 
where (Ye is a constant and R(z) is the Rogers dilogarithm function defined by 
R(z) = ;log(z) log(1 -z) - /=log(l -t) d log t 
0 
with log the standard branch on C - (-03, 01. 
Since f(u) is a complex analytic function, it is determined by its real part up to a 
constant. Thus we have 
where cr is a constant to be determined. 
Combining it with the main theorem, we obtain the following simplicial formula 
77( M(P, 4)) = 4w - $Irnk (iR(zj) + G(< lOg(1 -Zj) -< log zj)) 
j=l 
1 
- -fm U( P, 4) + 4s(q, p) - $. 
~TP 
Remark. The constant a(M) in the above formula can be computed via a 
“boot-strapping” procedure, using surgery relations discovered between hyperbolic 
manifolds. We start with a known ~(M(p, q)) (e.g., q(M(p, q)) = 0 if M(p, q> 
has an orientation reversing diffeomorphism) and deduce others from that. Namely, 
if some surgery on M, gives the same manifold as some surgery on M2 and the 77 
for M, is known, then 77 for M, can be deduced. 
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